Two-dimensional materials constitute an exciting platform for nonlinear optics with large nonlinearities that are tunable by gating. Hence, gate-tunable harmonic generation and intensity-dependent refraction have been observed in e.g. graphene and transition-metal dichalcogenides, whose electronic structures are accurately modelled by the (massive) Dirac equation. We exploit on the simplicity of this model and demonstrate here that arbitrary nonlinear response functions follow from a simple iterative approach. The power of this approach is illustrated by analytical expressions for harmonic generation and intensitydependent refraction, both computed up to ninth order in the pump field. Moreover, the results allow for arbitrary band gaps and gating potentials. As illustrative applications, we consider (i) gate-dependence of third-and fifth-harmonic generation in gapped and gapless graphene, (ii) intensity-dependent refractive index of graphene up to ninth order, and (iii) intensity-dependence of high-harmonic generation.
Two-dimensional materials constitute an exciting platform for nonlinear optics with large nonlinearities that are tunable by gating. Hence, gate-tunable harmonic generation and intensity-dependent refraction have been observed in e.g. graphene and transition-metal dichalcogenides, whose electronic structures are accurately modelled by the (massive) Dirac equation. We exploit on the simplicity of this model and demonstrate here that arbitrary nonlinear response functions follow from a simple iterative approach. The power of this approach is illustrated by analytical expressions for harmonic generation and intensitydependent refraction, both computed up to ninth order in the pump field. Moreover, the results allow for arbitrary band gaps and gating potentials. As illustrative applications, we consider (i) gate-dependence of third-and fifth-harmonic generation in gapped and gapless graphene, (ii) intensity-dependent refractive index of graphene up to ninth order, and (iii) intensity-dependence of high-harmonic generation. Nonlinear optical (NLO) response encompasses a large class of light matter interactions [1] [2] [3] [4] [5] [6] , including processes such as harmonic generation and self-focusing of light, that have proven useful in a number of applications in nonlinear spectroscopy and in optoelectronic devices. Recent progress in the fabrication of 2D materials has produced a new fertile class of materials with large nonlinear susceptibilities [7] . Recent reports include measurements of high harmonic generation (HHG) [8, 9] and intensity dependent refractive index [10, 11] in graphene and in transition metal dichalcogenides (TMDs) [12] . In addition, it has been shown that the NLO response can be tuned by electrostatic doping [13] [14] [15] and significant progress has been made in measuring even-order NLO response in TMDs [16, 17] . Furthermore, the nonlinearities in 2D materials can be significantly enhanced by several mechanisms such as plasmons [18] [19] [20] , polaritonic effects [21] , and metasurfaces [22] .
Compared with the linear response, calculations of NLO processes in crystals are significantly more complex. Whereas the linear response results from purely inter-or intraband processes, the NLO response contains not only these processes, but also mixed ones involving both interand intraband motion of electrons [23] [24] [25] [26] . To circumvent this complexity, the NLO response has been characterized using several theoretical methods, each with its own merits and shortcomings: (i) perturbative expansion of the reduced density matrix [26] [27] [28] ; (ii) time-dependent techniques [29] [30] [31] [32] ; (iii) Wannier representation [33] . The perturbative method offers a feasible approach to specific processes at a fixed frequency and power of the external field. The standard approach expands all matrix elements in unperturbed eigenstates, leading to increasingly complicated sum-over-states expressions for high-order processes. Still, within the perturbative regime, highly accurate results are obtained and in simple few-band systems such as the Dirac Hamiltonian, closed form solutions can often be found. These allow for characterization with respect to external parameters, for instance doping and temperature [26] [27] [28] . Yet, the growth in complexity associated with mixed interand intraband motion makes calculations extremely cumbersome beyond third order. The complicated nature of the general third-order response [26] testifies to this complexity. Methods (ii) and (iii) can be applied to study the NLO response at field strengths beyond the perturbative regime, as these intrinsically include contributions from all powers of the external field. But, in contrast to perturbative approaches, these methods rely extensively on numerical techniques for the integration of the equation of motion and for the Fourier transforms required to analyze the response in frequency domain, thus making the characterization of the NLO response with respect to external parameters an elaborate numerical process [29] [30] [31] [32] .
In the present letter, we study the (massive and massless) Dirac Hamiltonian as a model of graphene and TMDs. For this important class of materials, we bridge a key shortcoming found in perturbative techniques by evaluating the current density response via an iterative solution. This approach allows for the evaluation of arbitrarily high order response functions. As an illustration, we compute all response functions up to ninth order for (gapped) graphene [34] . The massive Dirac Hamiltonian [35] with a external vector potential A = A 0 sin(ωt) reads, using the minimal coupling (velocity gauge), [36] 
where v F ∼ 10 6 m/s is the Fermi velocity, κ is the wavevector, σ are the Pauli matrices, ∆ ≥ 0 is the mass term, and e > 0. This model leads to a gapped band structure with energy gap E g = 2 ∆, and doping is including via a non-vanishing Fermi level µ. Hence, for pristine graphene, we take ∆ = 0. The key features of the electronic structure are shown in Fig. 1(a) . The Dirac Hamiltonian has proven extremely useful for systems with threefold rotation symmetry. It allows for accurate analytic characterization of several physical properties in graphene [37] and in the vast class of TMDs [38] .
The time evolution of the wave function ψ governed by i ψ = Hψ is found by expanding in the eigenstates u 1,2 of the unperturbed Hamiltonian, i.e. taking A = 0. We write the general wave function as
with energy dispersion = √ ∆ 2 + k 2 (in frequency units), and k = v F |κ|. Furthermore, we focus on the response to a normally incident, linearly polarized monochromatic field, A = Ae x and define A(t) = v F eA 0 sin(ωt)/ = A 0 sin(ωt), which is related to the electric field E(t) = E 0 cos(ωt) by E 0 = −ωA 0 . The time evolution of the coefficients follows fromȧ
/ arise from matrix elements of the velocity operator. The coefficients then determine the reduced density matrix, whose matrix elements read ρ 11 = |a| 
where N = ρ 22 − ρ 11 and P = ρ 21 define the population difference and coherence, respectively. Finally, the current density is evaluated via the expectation value of the current density operator j = −eg s g v (2π) −2 v F J dκ, where the dimensionless integrand for the current density response is defined by J = mn v nm ρ mn /v F = F N +PG+G * P * using the matrix elements v nm of the velocity operator v x = v Fσx . Here, g s = 2 and g v = 2 are spin and valley degeneracies, respectively. The iterative sequence is found by considering the firstand second-order time derivatives of J that read
and for the population N = n N n e −inωt , the dynamical equations can be cast as
where n ∈ Z defines the Fourier order. The final iterative series for the integrand is identified by making use of an expansion with respect to powers of the external field
at the resonance 2µ = nω (b) and of the iterative solution for J (n) n integrand (for n th harmonic) as in Eq. (7). Here, J (n) n represents absorption of n photons with frequency ω, followed by the emission of a single photon with frequency nω.
, (6) where n + j ≥ 1, Θ i,j is the discrete unit step function [40] ,δ i,j ≡ 1 − δ i,j and the coefficients read:
The dominant term in harmonic generation emerges from the diagonal case j = n > 2, where the general solution Eq. (6) reduces to
which lends itself to a diagrammatic representation as illustrated in Fig. 1 
(b-c).
To apply the iterative solution for J are required that can easily be determined from low-order terms in Eq. (5b). Collecting all terms independent of the external field and making use of the equilibrium charge distribution N 0 = f 1 − f 2 (the difference between Fermi functions), the first seed reads J 
n can be computed sequentially by evaluating all possible Fourier components n = {0, 1, . . . , j}, in increasing order, for any given response order j using Eq. (6). The solutions for all nonzero integrands up to fifth order are listed in this order in Tab. I. The final response functions are obtained by integrating the desired J (j) n over κ-space and the respective conductivities σ (j) n (ω) then follow by writing 
In most cases, the integration is straightforward, but can lead to cumbersome expressions, particularly whenever the difference between the Fourier n and response order j is large. The angular part of the integral depends exclusively on powers of F and |G|, therefore it can be shown that due to the presence of full rotation symmetry in the effective Hamiltonian all even-order response functions vanish upon angular integration. Nonetheless, even-order integrands remains necessary to determine higher order non-vanishing odd integrands. Now, we turn our attention to the conductivities computed within the iterative framework. At low temperatures the population difference becomes a step function N 0 = −Θ( − |µ|) and the lower limit Ω of the radial part of the integral is determined by the larger of the Fermi level and mass term, i.e. Ω ≡ max(|µ|, ∆) [41] . In our explicit examples, we compute all conductivities up to ninth order [34] . Among these, we examine in detail third and fifth harmonic generation as well as intensity-dependent refraction through the optical Kerr effect including high-order terms. As demonstrated in recent experiments [13] [14] [15] , valuable information can be extracted by varying the Fermi level via electrostatic gating. Hence, we apply the present results to study the doping dependence of these NLO processes.
The third harmonic generation (THG) conductivity reads
where we define the scale of the 2D nonlinear conductivities systematically by
2 /(4 ) and the carbon-carbon distance a 0 ≡ 1.42 A sets the natural length scale for graphene. Throughout the letter, we consider exclusively electron doping µ > 0, but results for hole doping µ < 0 simply follow by replacing µ → −µ. Taking the limit ∆ → 0, one can verify that our expression reduces to previous results derived with the gapless Dirac Hamiltonian using velocity and length gauges [26] [27] [28] . The expression for σ (3) 3 (ω) is representative of the HHG conductivities, σ (n) n (ω), which are always composed by n logarithmic divergences, whose amplitude is set by a polynomial prefactor with even powers of ∆/ω as shown in Eq. S1a (see supplemental material). Note that the divergences found in the expressions are regularized by introducing a small broadening parameter ω → ω + iη and, unless stated otherwise, we use η = 1 meV. The THG conductivities for both gapped and gapless graphene assuming photon energies in the low and medium range are shown in Fig. 2 . Given the rather small gaps that can be reliably generated in graphene [42, 43] (we take E g ≡ 250 meV as a reference figure for our calculations) and considering photon energies ω > 150 meV, our results show that the response of gapless and gapped systems are generally similar but deviate whenever µ ∆.
The fifth harmonic conductivity in gapless graphene also lends itself to a closed form expression [34] , with n = 5 logarithmic divergences σ − 16384 ln 2µ − 4ω 2µ + 4ω + 19359 ln 2µ − 3ω 2µ + 3ω
where the general expression valid for ∆ = 0 is given in Eq. (S3) [34] . The fifth-order response of graphene is highly sensitive to the ratio between photon energy and doping level. This is illustrated in the contour plot in Fig. 3 of the amplitude of the fifth harmonic conductivity as function of these parameters. It shows that this response function can be tuned over several orders of magnitude by tuning either parameter, while highlighting the five resonances present in the fifth harmonic response. Moreover, we find that the nonlinear conductivities of graphene are regular in the limit of vanishing doping µ → 0
where the coefficients q nj are rational numbers. The complete list for all coefficients is found in Tab. S1 in supplemental material. For third and fifth harmonic generation, the coefficients read q 33 = 3/512 and q 55 = −45/65536, respectively. The iterative approach can also readily be used to evaluate conductivities beyond harmonic generation such as the optical Kerr conductivity of graphene [34] 
This expression is representative of high-order contributions to any Fourier order σ (j>n) n [34] . These expressions contain (j + n)/2 logarithmic divergences, rather than j = n found in the n th harmonic conductivities, and also contain an additional rational function with (j + n − 2)/2 polynomial divergences that strongly enhance the nonlinear resonances, see Fig. S1 in supplemental material. In Fig. 4 , we show the conductivities σ first harmonic current in doped graphene up to ninth order at E 0 = 2 V/µm. Note that the field intensity considered in Fig. 4 matches the upper limit of the perturbative regime when considering THz radiation [9] . Inspection of Fig. 4 defines the regime, where the perturbative approach breaks down, namely the frequency range, in which terms σ
cease to decrease as the order j is increased. Hence, for the parameters in Fig. 4 the non-perturbative region can be estimated as ω 60 meV. Manifestations from higher than Kerr terms should be detectable as higher order terms introduce additional resonances that are highly sensitive to both the Fermi level and the magnitude of the external field.
In Fig. 5 , we plot the relative amplitude of the Fourier components of the radiated intensity I n (ω) = µ 0 c|j n (ω)| 2 /8 with j n (ω) = j σ numerically using η = 10 meV. Results shown in Figs. 2 to 5 demonstrate that the approach presented in this letter can be used to readily characterize harmonic response of graphene, including the effects from higher order terms, at arbitrary doping level and photon frequency, without requiring the complex numerical calculations found in timedependent techniques.
In summary, we introduce and apply an iterative approach to the calculation of NLO response of systems described by the massive Dirac Hamiltonian. The iterative nature allows for analytical evaluation of high-order response functions, and we derive for the first time all nonlinear conductivities of (gapped) graphene up to ninth order. The NLO response of doped graphene reveals an intricate interplay between doping, photon energy and the intensity of the external electric field.
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Supplemental Material
for: Iterative approach to arbitrary nonlinear optical response functions of graphene
INTERPLAY BETWEEN LOGARITHMIC AND POLYNOMIAL PARTS
The polynomial resonances found in higher order contributions to a given Fourier component, i.e. j > n, play a important role in the overall response of the system, by enhancing significantly the (j + n − 2)/2 lowest resonances. To illustrate this, we plot in Fig. S1 the contributions that arise from the logarithmic divergences and from the polynomial resonances in the optical Kerr conductivity σ (3) 1 (ω). The effect is two-fold, first and most striking is the dramatic increase in the amplitude of the lowest resonance by virtue of the polynomial resonance. Second is the destructive combination of both contributions for small doping µ < ω/2.
HIGHER ORDER TERMS AND ROLE OF DOPING
Doping plays an important role in the optical response of graphene. At linear order its effect is well know, primarily blocking the real part of the response for ω < 2µ and sets the amplitude of the Drude peak. Yet, as discussed above and on the main paper (see Fig. 2 ) its role in the nonlinear response can be drastic. In Fig. S2 , we plot the amplitude of the Fourier components of the radiated field at two different doping levels µ = {250, 312.5} meV. Despite the relatively small change in doping, the nonlinear response changes drastically, particularly the Fourier components n = {3, 5, 7}, stressing once more the importance of the interplay between doping level and photon energy.
CONDUCTIVITIES UP TO NINTH ORDER FOR GAPPED SYSTEMS
The general expressions for the n th harmonic and higher order corrections j > n in gapped graphene can be expressed in the form 
where c (nj) km are constant coefficients, P nj and Q nj are polynomial functions in ω, and recall the systematic definition of the nonlinear conductivity scales introduced in the main text σ j>1 ≡ 2[3ea 0 /(4 v F )] j−1 σ 1 . As shown in Eq. (11) in the main text, all nonlinear conductivities are regular at vanishing doping. The complete list of non-zero coefficients q nj , up to ninth order, can be found in Tab. S1.
We provide the full expressions for the optical Kerr effect, fifth, seventh and ninth harmonic conductivities, namely Eqs. (S2), (S3), (S4) and (S5). For j > n, we provide the coefficients c (nj) km in Tab. S2 and the respective polynomial functions P nj and Q nj , found in Eqs. (S6) and (S7). Results for gapless graphene can be expressed directly from those of gapped graphene, by taking the limit ∆ → 0 and replacing Ω by µ.
The optical Kerr conductivity in gapped graphene reads
The fifth, seventh and ninth harmonic conductivities read
7 (ω) = 
